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Abstract 

We use the fusion construction in the twisted quantum affine algebras 
to obtain a unified method to deform the wedge product for classical Lie 
algebras. As a byproduct we uniformly realize all non-spin fundamental 
modules for quantized enveloping algebras of classical types, and show 
that they admit natural crystal bases as modules for the (derived) twisted 
quantum affine algebra. These crystal bases are parametrized in terms of 
the q- wedge products. 



Introduction 

Let us start with recalling a basic fact in representation theory of finite-dimen- 
sional simple Lie algebras, which may be found in an elementary textbook of Lie 
algebras. Let V be the vector representation of the simple Lie algebra sl n . The 
fc-fold exterior space /\ V (1 < k < n) turns out to be a new representation of 
sl„, and 

k 

A V ~ V(u>k) as sin-modules. 

Here V(u>k) stands for the irreducible finite-dimensional representation with the 
fc-th fundamental weight ujk as the highest weight. 

Let us now consider the quantized enveloping algebra U q (sl n ) in the sense of 
Drinfel'd and Jimbo. We also have the fundamental representation V(u>k) for 
U q (sl n ). We would like to realize V(u>k) as a wedge-like representation. Since the 
coproduct of the Hopf algebra U q (sl n ) is non-cocommutative, the construction 
becomes a bit tricky. Let V — Q(q)vi be the vector representation of 

Uq(sl n ). Our problem can be stated as follows. 

Find a suitable vector subspace W of V V such that 
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(1) W is invariant under the action of U q (s{„), 

(2) at q = 1, W is generated by the vectors Vi ® Wj and <g> + ® «i (« 7^ j), 

fe-2 

(3) V**/X) ^ W ® V®<*- a-< > ~ V(w fc ) as f/,(s[„)-modules. 

i=0 

In the case of U q (sl n ), the answer is given by 

W = spanj^i <S> Vi, Vi ® vj + qvj ® > j)}. 

An important remark here is that W is identified with the image of the so-called 
i?-matrix R{z) acting on V <8> V at z = q 2 . 

R(z) = (1 - q 2 z) En (Ei Eu + q(l - z) ^ £ 4j <8> 
+(1-^) 

i>3 i<j 

Here By denotes the matrix unit, i.e. EijVi = SjiV{. 

The purpose of this article is to quantize the wedge module /\ k V of the 
vector representation V for the simple Lie algebras of types B n , C n and D n a la 
fusion construction (e.g. M). A weird thing here is that one needs to use the R- 

(2) (2) 

matrices for afhne Lie algebras of twisted types and A^—x- Furthermore, 

(2) 

one has to use different R- matrices of A^-x corresponding to different choices 
of the 0- vertex (See Figure 1). If we compliantly choose the R- matrices for 
B„, Cn or D n , we cannot obtain a g-analogue of the wedge modules, as seen 
in jl) or the C n 1} case in this article. We have nevertheless included this C n 
case since it can be treated in a similar fashion. All the modules constructed 
here are not only C/ 9 (g)-modules but also [/^(g)-modules (See Table 1), and are 
shown to have a crystal base in the sense of Kashiwara ||. Moreover, except for 
the case of they appear to be perfect of level one, which will be discussed 
elsewhere. 

A byproduct of our construction is that we also have a unified way to realize 
all non-spin fundamental modules for quantum enveloping algebras of classical 
types. 

1 Preliminaries 

In this section we shall fix conventions for the quantized enveloping algebra 
U q {o) and recall the expressions of i?-matrices. 
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1.1 Dynkin datum 

We follow the notations of the affine Lie algebra in Let A, (i = 0, • • • , n) 
be the fundamental weights. Let ai and hi = oq (i = 0, • • • , n) be the simple 
roots and coroots. The generator of the null roots is denoted by S — Y%=o aiOLi 
and the canonical central element by c = Y^i=o a i^i- d stands for the degree 
operator. 

We consider the affine Lie algebras g = A^(n > 2), A^_ x {n > 3), Cn\n > 

(21 

2). For the Dynkin diagram of A\^_ x , we distinguish two different labelings 

(2) (2)t 

of the vertices by ^n-i an< ^ -^n-l" ^ e Dynkin diagrams for these affine Lie 
algebras are given in Figure 1. The marks (ai)o<i< n and comarks (a^)o<i<n 
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Figure 1: Dynkin diagrams 



are given by 

(a,) =(1,2, ■■•,2, 2), 

= (1,1,2, 2,- 2,1), 
= (1,2,2,- .-,2, 1,1), 
= (1,2,-- -,2,1), 



(a 4 v ) =(2, 2, ■■•,2,1) forg 

= (1,1,2,2,.- -,2,2) forg 

= (2,2,2,-- •, 2,1,1) forg 

= (1,1, •••,1,1) forg 



(2) 



A' 

(2)t 
2ra-l) 



= A, 



On • 



It is convenient to introduce an orthogonal basis {ej}x<j<n with which the 
simple roots are given as follows: 



a 



2ei for g 



4(2) 4(2)t r (l) 
■™-2n ! ^2n-l' °n 
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= <5-ei-e 2 for0 = A^_ 1 , 
o>i = 6i - e i+ i (1 < i < n— 1), 
x„ = e n for g = , 

= 2e n £or fl = 4 2 n ) _ 1 ,C7W, 



The invariant bilinear form ( | ) in Q] is normalized so that (9\9) = 2<Zg , where 
= (5 — ao. (Note that ao = 1 in our cases.) With this normalization we have 
(ei\ej) — ^5ij for g = Cn \ for the other cases. 

1.2 Quantized enveloping algebra 

We recall the definition of the quantized enveloping algebra U q (g). Set P* — 
0™ =o Zhi(BZd. U q (g) associated to q is the associative algebra generated by the 
symbols e^, /, (i = 0, • • • , n) and q h (h G P*) satisfying the following relations: 

q° = l, q h q h '= q h+h ', 

q h e iq - h = q^e h q h f iq ~ h = q~^ f u 

u - 1- 1 

fj] = fiij ~ 
?i - <li 

where q t = g^*!"*)/ 2 , ^ = ^iK)^/ 2 , 

B-iN'M 6 " fc) = D-i)*/i* ) /j/i 6 -* ) = o (* * i) 

fc=0 fc=0 

where 6=1- (hi,otj). Here we set [fc]; = (gf - gr fc ) / (^ - ^r 1 ) , [fe]^ = 

IlLiM^ = ef/[fc],!,/i fc) = /f/[fc] 4 !. 

There are several coproducts of U q (g). We use the 'lower' one A = A_ given 

by 

A(e,) = e, (Sir 1 + l®e„ (1.1) 
A(/e) = /i®l + *i®/i, 
A(g /l ) = q h <Z) q h . 

For the relations among different coproducts, see Q for example. We also 
define U q (g) as the subalgebra of U q (g) generated by the elements e,, (i = 
0,---,n), and J7 g (5) as the subalgebra generated by e^, fi,ti (i = 1, ••-,n). 
C/ 9 (fl) is canonically viewed as the quantized enveloping algebra associated to 
the simple Lie algebra g. 



4 



a - A {2) A (2) 4 (2)t 

9 — A 2n A 2n-1 A 2n~l °™ 
= B n C n D n C n 

Table 1: Associated simple Lie algebras 

1.3 Representations and the R— matrix 

Define an index set J by 

J = {0,±l,-..,±n} for a = A%>, 
= {±1, • • • , ±n} for g = A^A^C^. 

We introduce a linear order -< in J by 

1 -< 2 -< < n (-< 0) -< -n -< < -2 -( -1. 

We now consider the 'vector' representation (tt,V) of U' q (g). Let {«j j 6 J} 
be the lower global crystal base Q. Denoting the matrix units by Eij i.e. 
EijVk — SjkVi, the actions of the generators read as follows. (7r(/,) = 7r(ei)*, 
unless otherwise stated.) 

Tr(eo) = for g = A^j , A^lx, C« , 

= £_ li2 + E_ 2A for = A^-i, 
-(to) = £<T 2 ^-^ for fl = 4 2 r ) ! 4 2 » 1) C«, 

= E g-^ 1 -^^-- 1 ^- 2 ^ for g = 4 2) _ 1; 
ie./ 

Trfe) = £ M+J + (1 < i < n - 1), 

7r(ij) = ^ g^-^+i+^.-.-i-^,-^ (1 < i < n - 1), 



7r(e n ) = [2]„£ n0 + E ,- n for g = 4n , 
= £„,_„ for fl = A^_ 1 ,CW, 

= £ B -i,-n + E„,-n+i for g = A (2)t 
tt(/„) - ^o™ + [2} n E-nfi for g = A (2) 
7t{t n ) = q^-^Ejj for q = A[ 

£<^' W for = 41^, 



2n-l' 



2n ' 

(2) 
2n ' 
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je.J 

Let us define the so-called 'evaluation' representation (w z , V z ) associated with 
(tt,F) by setting V z = V[z, z~\ 7r z ( ei ) = «*"7r(ei), 7r,(/ 4 ) = z^M/i). = 
7r(tj). Let be the i?-matrix, which satisfies 

R{z 1 /z 2 ){n Zl ® 7r Z2 )A(a;) = (tt Z2 ® 7r Zl )A(a;)i?(zi/z 2 ) for all x e [^(g). (1.2) 

The explicit expressions for our R(z) have been known in though we need 
a slight modification due to a different choice of the basis and the coproduct, 
except for the A^_ 1 case. Note that the expressions of R(z) for A|„_j and 
Azn-\ should be different due to different choices of the 0- vertex. The expression 

( 2\ 

of R(z) for ^2n-i seems to be new. Up to an overall function of z, R(z) is 
uniquely determined by 

R(z) = (1 - g 2 z) (1 - £z) E S ™ ® En 

+q(l-z)(l-£z) E E ij® E ji 

+ (l-g 2 )(l-^)( E +z E ) E a® E n 

Here 

C (g2_^)(l_ z)+5 . (l_ g )( g + z ) (1 _^) ( i=j ) 

ai;W= (l-^feer^-^-^-^+^^l-^)) (< -< j) (1.3) 
[ (l-9 2 M£^H)^(z-l)+<5,_ 3 (l-^)) 

Here Ej = l(j€ J) for g_= and £j = 1 ( j > 0), [2]„ (j = 0), -1 (j < 0) 

for the other cases. Also j is defined by 

!j (J = 1, •■•,") 

n + 1 (j = 0) 

J+N (j = -n,---,-l), 

and AT, £ are given below. 
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2 g-wedge constructions 



In this section we will use the fusion construction to deform the wedge product. 
The basis for the deformed wedge product relies on the P-matrix and its spectral 
decomposition. 

2.1 R- matrices and their spectral decompositions 

Let A be the classical part of a weight A Q. Let V(A) be the highest weight 
£/ g (g)-module with highest weight A. Recall V(= V(Ai) as a U q (g)-modulc) 
is the vector representation of the quantized enveloping algebra U q (g). Direct 
computation gives the following proposition. 

Proposition 2.1 As a U q (g)-module, the tensor product V® 2 decomposes itself 
as follows. 

V(Kt) ® V(Kt) = V(2X X ) © V(K 2 ) © V(0), 

and the highest weight vectors are respectively: 
U A 2 =vi®v 2 - qv 2 <8> Vi, 

uq = ^(-g) i_1 «t ® v-i - ^(-qy'-^'v-i ® Vi - — v o v , 

i=l i=l ^Jn 

where we take Vq = except for type A 2 2 ^ and £ ' = £ except £' = g 2n + 2 /or type 
4(2) 



Proposition 2.2 Let -P 2 Ai' an d Pq be the projections from V{K\)®V(R\) 
to the corresponding U q (g) -irreducible components in Prop, \2.1\ j respectively. 
Then we have the following spectral decomposition of R(z) . 

R(z) = (1 - g 2 z)(l - £z)P 2Xi © (1 - Cz)(z - 9 2 )P^ © (1 - g 2 z)(z - £)P 

for a - A (2) ,4 (2)t 

and 

P(z) - (1 - 9 2 z)(l - £z)P 2Xi © (1 - - a 2 )P X2 © (z - a 2 )(z - £)P 
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Proof. Since R{z) commutes with the action of U q (g), it is a constant on each 
irreducible component. From Proposition 2.1 the i?-matrix R(z) can be written 
as: 

R ( z ) = Ca^-Pjfld + c a 2 p a 2 + °o p o- 
Since the other cases are found in the literature (see Q for g = A 2 2 \ A^_ x and 

H for g = Ci 1 ^), we prove this only in the cases of A^-i and A^^i- One 
computes 



(7T 21 (g) 7T Z2 )A(/ /l • ■ • fn-2fnfn-l ■ ■ ■ /2)ux 2 = (9 ^ 1 - gzj 1 ) U 2Ai ' 

x 2Ai! 



(7r Zl <g> 7r Z2 )A(/ )w = (g 2 z 2 1 + g 2 ™ 2 2l l )ujjj , for and 



(7T Zl (8> 7T Z2 )A(/ /2 • ■ • fn-lfnfn-X ' " ' /2)«a 2 = (« Z 2 - <7 Z 1 ) U 2A!' 

(tt Zi (8)7r Z2 )A(/ )uo = (g -1 ^ 1 + g^V V2AV for 4n-i- 
Using the intertwining relation (|l.2|) we get 



=2A a (T 2 + S 2 "" 2 *- 1 ) = CoC?- 2 ^ 1 + 9 2 - 2 ), for 



c. 



t (« 1 -qz : ) = ^ 



2A 

2Al (r 1 +9 2 "-^" 1 ) = Cote-^ + g 2 "- 1 ), for 



where 2 = 21/22 • These relations determine the ratio of the coefficients c 2 j i : 
c^ 2 : c uniquely. □ 

2.2 The (/-wedge relations 

Let W be the image of R(q 2 ) in V® 2 , then from the spectral decomposition of 
the i?-matrix (Proposition 2.2) it easily follows that 

W = ImR(q 2 ) = KerR(q- 2 ) ~ V® 2 /Ker R{q 2 ). 

Proposition 2.3 W is generated by the vectors 

Vi <g> Vi (i^ 0), Vi ® «j + guj ® Ui (t y ±j), (2.1) 
w_i (g) «i + g 2 ^ (8) v_i + g(w l+ i ® + ® (1 < i < n), (2.2) 

p/ws i/ie following additional ones: 

<g> vi (8)u_i, i>_„ ® w„ + g 2 v n <g> «_„ + g^v ® v /orf| = A 2 2) , 

f-n®Hn+9\®^n /<?r fl = A^_l , 

u_i ® vi + vi <g> v_i forg = Af^_ v 

w_i ® Ui + vi ® w_„ ® n„ + g 2 v„ ® u_„ forg = c£K 
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Proof. The R matrix R(z) preserves the weight, thus it is enough to show that 
the listed vectors generate the spanning set {R(q 2 )(vi ® Vj) \ i,j € J}. 
For i 6 J \ {0} we have 

jR(z)(Ui (8) «i) = (1 - q 2 z){l - £z)vi <g> u<, 

which implies that Vi®Vi G W. 
For i 7^ ±j we have 

R(q 2 )(vi <g> u,-) = <?(1 - g 2 )(l - £g 2 )vj ® Wi 

® Uj if i >- j 



+ ( 1 -^ 1 -^ X i^®t, J if^i 

(1 - g 2 )(l - £q 2 )(qvj <g> + u 4 (g> ty) if i >- j 
g(l - g 2 )(l - £g 2 )(v,- ® + 9«i <8> "i) if * -< J, 

thus ® vj + qvj ®Vi(i >~ j, i ^ —j) G W. 

As for the weight vectors R(q 2 )(vj ® we only show it for the case of 
A\ for the purpose of simplicity, since all other cases are similar. 

Let Aj = Aj(z) = J2ie j a ij( z ) v -i ® v i — R( z )( v j ® v -j)> where dij(z) are 
defined in (fL~3|). Write = u, ® u_j. We have for 1 < j < n — 1 

A/ + g _1 >4 J+ i = (z - - l)u_,-_i + (1 - z)(l - £*)u_j 

+z(l - g 2 )(l - + q^zd - q 2 ){\ - Zz)u J+1 

= (1 - £z){(l - zjfgu-j-i + + z(l - q 2 )(u 3 + q- 1 u j+1 )} 

At z = q 2 we see that u_j + q 2 Uj + q(uj + i + S W. Similarly we have at 

z = q z 

A-j-i + q~ 1 A- j = (1 - q 2 )(l - q 2 ^){q~ 1 u^j + U-j-i + U j+ i + quj}, 
which does not produce any new vectors in W. Also we have 

An - A- n = (Z — q 2 )(l - £z)(u n - U- n ) 

which vanishes when z = q 2 . These relations show that W is generated by the 
vectors 

Vi <g> Vi,Vi (g> Vj + qvj <g> Vi(i y j,i ^ -j),m + i + u-i-i + (q~ 1 u- i + qm), 

plus one of the vectors Aj(q 2 ). 

We claim that for positive j G J 

Aj(q 2 ) = q~ 2 ^ n ~^A^j(q 2 ) 

= (-<iy~ 1 q 2 (l - <Z 4 )(«i + U-l) mod u i+1 + U-i-x + {q~ l u_i + qu. t ). 
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In fact we have 

A l = (q 2 - iz){\ - z)u_! + (1 - q 2 )z {t{-q) 2 - 2n {z - 1) + (1 - £*)) U X 
n 

+ - <?V(* - 1) ft"?) 1- *"-, + (-?) 1 - 2n+< u i ) 

t=2 

= (g 2 - ^)(1 - + (1 - g 2 )z (e(-g) 2 - 2 "(z - 1) + (1 - Ul 

+ (1 - q 2 )z£,{z - 1) ((-g)- 1 + (-qy 3 + ■■■ + (-qf- 2n ) (-q- X U-l - qu X ) 
= z(l - z 2 )u-i + Z ((1 - <7 2 z) + £(q 2 - z)) Ui, 

which is equivalent to <? 2 (1 — q 4 )(ui + U-\) at z = q 2 . □ 
Define the action of x — e.;, /», tj e U' q {$) on V® k by 

x{ui ® ■ ■ ■ <g> u fc ) = (7r Zl ® • • • (8 7r z JA (fc) (x)(-iti (g) • • -®u k ). 
Here z 3 = (-q) 2j ^ k and A^ = (A® id tg> ■ ■ ■ ® id )o- • -o(A®id)oA. Explicitly, 

fe-2 

it reads as 

fc 

ei(ui ® u 2 ® ■ ■ ■ ® Uk) = ^ ui ® • • • ® (8 zf°eiUj ® t~ 1 u 0+ i <8> ■ ■ ■ <8 i" 1 ^ 
j'=i 
fc 

® m 2 ® • ■ • ® itfc) = ^ tjUi <8> • • • <8 ijUj-i ® zJ 5m fiu tg> (gi • • • <8 itfe 
j'=i 

ti(ui ® w 2 €5 • ■ • ® Wfc) = tjUi ® ■ ■ ■ ® tiUk- 



Because of the intertwining property (1.2), it is immediate to see that the sub- 
space Yh=i V®t l -V ® W ® i s a [/^(fl)-submodule of F® fe . Thus 
setting 

fc-i 

yk _ y®k j y9(i-l) ^,g) y-aCk-i-l)^ 
i=l 

V^ fc turns out to be a f/^ ({j)-module. For simplicity we will write the image of 
u\ ® U2 <E> ■ ■ ■ ® Uk as iti A U2 A • • • A Ufc. 

At q = 1 the module V k degenerates into the wedge product for the simple 
Lie algebra except for the cases when the algebra is Cn or ^4 2 n-i an( i k = n . 
We will include some examples at the end of this section. 

We set Ui = ex ^ he* and u n = t\ + ■ ■ ■ + e n _i — £«• The relations between 

Ui and Aj are as follows. 

2A n , i /i, B ni -D n , 

A„_i+A„, i = n-l;D n , 
Aj , otherwise 
u n = 2A„_i, D n . 



10 



Theorem 2.4 For each k the module V k is isomorphic to the highest weight 
Uq(g) -module with the highest weight to k except for 

V n = V{oj n ) © V(57„), forA ( W_ v 

V k = V{u k ) © V(u> k - 2 ) © • ■ • © V(uj kmod2 ), for A^_ x . 

Proof. By the relations of V k we see that the space is generated by the set of 
vectors: 

where i\ -< i 2 -< • • • -< i k are k indices from the set J. Therefore the dimension 
of the space is less than or equal to 

\J\ 
k 

On the other hand the module V k contains the highest weight vector Vi A 
v 2 A ■ ■ • A v k of weight 

ei + e 2 + ■ ■ ■ + e k = LU k . 

( 2) t 

When k = n in the case of A) 2r l_ 1 , there is another highest weight vector 
v\ A V2 A • • ■ A v n -i A V- n , which is of the weight 

ei + £2 H h e n -l - e n = W n . 

r 2) 

When k < n in the case of -A^i-i' there are [k/2] + 1 highest weight vectors. 
For a multi-index set I = • ■ • , i{) denote 

\I\ — i\ + ii H 1- «(• 

(21 

We claim that in the case of A 27 l_ x , for each I = 0, 1, • • ■ , [k/2] the following 
vector w k -2i is a highest weight vector of weight u> k -2i = ei H h £k-2i'- 

w k -2i = (-q) 1 ^! Au 2 A- • -Av k ^2i Au^ A- • -Au,;, Ad_,, A- • -AU-^. 

fc-2i<ii<i 2 <---<i( 

(2.3) 

In fact we can check directly that the action of e^y* = ^ 1© ■ • ■ 1 <8> e j (8) £^ 1 © 
• ■ ■ © ^r 1 (« 7^ 0) kills the vector. Since wt(v±i) = ±ej, we have wt(w k ^ 2 i) — 

LL >k-2l ■ 

First we consider the cases other than C„ . By the dimension formula for 
irreducible modules of simple Lie algebras pi it follows that 



dim P' .-;dnu iV/J= ( W ) . for d\;/! ,(/.■ = »).. 
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dim V k > dim V(ui n ) + dim V(W n ) =(^\ for A { ^_ x (k = n), 

dim V k > dim V(uj k ) + dim V{uj k - 2 ) H h dim V(uj kmod 2) 

\J\ 
k 



I'M fornix- 



In the case we need the formula 



EN^ a ^=°. ( 2 - 4 ) 



which is easily shown from the relations in Proposition 2.3 (cf. Prop. 2.5). 

(2) A 1\ 

Since the action of (i ^ 0) is the same as in the A^-i case, (2.3) give rise 
to highest weight vectors if they are not zero. Moreover, from the properties of 
weights, they are the only possible highest weight vectors. Thus it suffices to 
check Wk~2i = if I > 0. Interchanging ii and and using relations, we have 

q 2 Wk-2l = ^2 (-q)^Vi,-,k-2l,ii,-,il ,-*D 

fc— 2l<ii<-<ii _ 2 «(<»i_ i 

where Vj 1 ...^ k denotes Vj y A • • • A w Jfc . Similarly we have 

fc — 2(<ix <---<i ;) _ 1 <i; <i 3 -<"'<ii_i 

If i; is equal to some other ij, we see i^,....^ = 0. Thus using ( |2.4| ) we have 

/1 . 2 , i 2(— 2\ 

(1 + 9 H )Wfe-2i 

fe— 2(<ii<---<ii_i k—2l<ii 

= - Y (-9) |Jlu i,-,fe-2/,ii,-,ii,-ii, --iD 

fe— 2i<ii<---<ij_i i(<fe— 2i 

which is zero unless g 2i = 1. 

Thus the theorem is proved. □ 

2.3 Remarks and Examples 

We will use the g- wedge product to calculate some analog of classical identities. 
First we make several observations about the g-wedge products. 



In the cases of ^n-ii ^2n an< ^ the vector 



i=l i=l ' ' n 



12 



(21 

In the case of A^-ii we nave 

n n 

i=l i=l 

n 

= (l + 9 2n+2 )^(-gr 1 ViA«_i. (2.5) 

This is proved by an inductive calculation based on the wedge relations. Let v' 
be the vector ^2™ =1 (—iy~ 1 q~ l+1 v~i A u,;. 

v' Q = v-i Avi- q~ 1 V- 2 A v 2 H h (-q) n_1 W-„ A u„ 

= -g 2 «i A u_i — g(w 2 A u_2 + w_2 A u 2 ) - q 2 v~2 A w 2 + • • • 

= -g 2 «i A V-i + q 3 V2 A w_2 + ?[2](w_3 A w 3 + v 3 A i>_ 3 ) + q~ 2 V- 3 A v 3 + ■ ■ ■ 

= -q 2 v x A V-i -\ h (— A + (-l) 1 " 1 ^ - l](v-i A v, 

+v t A v- t ) + (-q)- i+1 v-i A Vi + ■ ■ ■ + {-q) n - x v^ n A v n 

where we assume inductively at the i-step. Using the relations 

v-i A Vi = -q 2 Vi A v^i - q(v~i-i A v i+x + v i+1 A V-i-i), 
[i}=q[i-l}+q- i+ \ 

we see by induction that 

v' = -q 2 Vl A «_i H h {-l) n - 1 q n v n - 1 A V n -i + (-l)"" 1 ^ - 1](«_„ A v n 

+v n A u_ n ) + h (-<?) n_1 U_ n A v n 

= -q 2 Vl A «_i H h (-l) n-1 g ,l t; n _i A u n _ x 

+ (-l)"- 1 ( (Z [n - 1] - <?>])<;„ A «_„ 
= -<7 2 t>i A u_i + (7 3 u 2 A V-2 + (-q) n+1 v n A v_ n 



which proves ( |2.5[ ) 



From the relations it is easy to obtain the following formula. 



v_ 4 A Vi = -q 2 v l A v^i + (1 - q 2 ) 22(-q) k v l+k A v_ {i+k) 

fe=l 



Note that except for the case of C„ \ the theorem implies that the set of 



for i = 1 , • • • , n — 1 
Note that exce] 

vectors v^ A Vi 2 A ■ ■ ■ A V{ k , where ix -< %% ~< ••■ -< ik are k indices from the 
set J, forms a basis for the module V k . At q = 1 the module V k specializes to 
the ordinary wedge representation of the subalgebra g except for C„ . In fact, 
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it is well-known that the wedge representations for classical Lie algebras are as 
follows @: 

fe ( V(uj k ) for A n , B n , D n and k ^ n 

f\ V(Ax) ~ I V(uj n ) © V(uJ n ) for L> n and k = n 
{ e^o 21 V(w fc _2i) forC„ 

Example 1. For g = = <4 2)t , 

where the highest weight vectors are — v\ A «2 A v 3 A W4 and = «i A U2 A 
v 3 A u_4- 

^3 = y®3/(y ®W + W ®V) ~ V{u 3 ), 

where the highest weight vector is vi A v 2 A v 3 . Note that 
e3(ui Ai>2 A u_2 — A W3 A u_3 + q 2 v\ A U4 A v_4) = —5(1 + q 2 )v\ A U3 A W4. 



V 2 = V® 2 /W ~ V(wa), 
where the highest weight vector is v\ A i>2 and we have 

vi A U_i — qv 2 A i;_2 + q 2 v 3 A u_3 — q 3 U4 A V-^ 
= -q 6 (v-i Avi — q~ 1 v_ 2 A v 2 + q~ 2 V- 3 Av 3 ~ <7~ 3 «-4 A v A ) 

Example 2. For g = Q^_ 1 = 2t^ 2) , 

V 2 = V® 2 /W ~V(lj 2 )®V(P), 

where the highest weight vectors are u U2 = v\ A v 2 and uq = v\ A w_i — q«2 A 
u_2 + <7 2 w 3 A w_ 3 . 

V 3 = V m /(V ®W + W ®V)~ V(lu 3 ) © V(wi), 

where the highest weight vectors are u U3 = vi A «2 A U3 and u Wl = «i A v 2 A 
u_2 - <?«i A v 3 A u_ 3 . 

Example 3. For g = = C^, 

= ^® 2 /W ~ V(lu 2 ) 

where the highest weight vector is v\ A v 2 . It is a good exercise to check directly 
from the relations of W that 



V-x A Vx — q U-2 A v 2 + q 2 V- 3 A v 3 — q 3 v_4 A V4 

Vx 

= 



Vx A V—i — qv 2 A V- 2 + q 2 v 3 A u_3 — g 3 i>4 A w_4 



14 



In fact denote the two vectors in the first two lines by u' and uo respectively. 
Let W\ be the submodule generated by the common relations (2.1-2.2) plus 
V-\ A v\ = —vi At)-i, and W2 to be the submodule generated by the common 
relations (2.1-2.2) plus A v n = —q 2 v n A V- n . 
It can be seen immediately that 



u' Q — —q 2 u modW2 



(2) 

as in the case of A 2l l_ 1 (cf. |2.5| ). Swapping the role of 1 and n and straightening 
backward we have 



- {2n - 2) u modWx. 



As long as q 2n ^ 1 we have 



ti = u' = 0. 

Summarizing previous calculations we obtain the following result. 

Proposition 2.5 Let V be the In dimensional vector space generated by basis 
vectors Vj, j 6 J = {1, 2, • • • , n, —n, • • • , —1}. Let Wi be the subspace ofV®V 
generated by relations: 

vi <S> Vi, Vi <g> Vj + qvj ® Vi (iy j, i ^ ±j), 

v-i <& Vi + q 2 Vi <& v-i + q(v i+ i ® V-i-i + V-i-i ® Vi+i) (1 < i < n), 
v\ ® V-\ + V-i ® v\. 

Let W2 be the subspace ofV®V with the same relations except that v\ ® V—i + 
V-i ® Vi is replaced by V- n ®n n + q 2 v n ® v^ n . Then we have 

n n 

^(-g)- (< -%_i <g v t ee -g 2 (^(-g) i_1 Ui ® u-i) mod J¥ 2 

z=l t=l 

n 
i=l 

we Ziaue 

i-1 

® eee ® v-i + (1 - g 2 ) ^(-(?) _fe Wi-fe ® v^(i-k) modWx 

k=l 
n — k 

= -q 2 v t <g> + (1 - g 2 ) ^(-g) fe w 4+fc ® w_( i+fc ) modW 2 . 



k=l 
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3 Crystal structures 

In this section we show that the ^(g)-modules V k constructed in the last section 

admit crystal base in the sense of Kashiwara. Since V for A 2l [_ 1 and A^-i 
are the same as /7g(g)-modules (apart from the labeling of the vertices of the 

Dynkin diagram), we consider the ^n-i case - The crystal structure of V k for 

(2) 

A 2ll _ 1 is rather difficult to describe. Before going into details we recall necessary 
facts about crystal base from || . 

3.1 Basics of crystal base 

Let P = Y^j=i ^Aj be the weight lattice and P + denote the set of dominant 
integral weights for g. Let V be a finite dimensional C/g(g)-module. Then 

V = © Me p Vfj, where = {u 6 V | Uu = u}. We shall explain the crystal 

base for V. Kashiwara defined the operators &i and /, acting on V by 

e ifl k) u = f^ 1] u, fifl k) u = fl k+1) u for u G n Ker e % . 

Let A be the ring of rational functions regular at q = 0. The crystal base for V 
is a pair (L,B) satisfying the following properties. 

• L is a free A-submodule of V such that Q ®a L ~ V. (3-1) 

• B is a base of the Q-vector space L/qL. (3-2) 

• e-ih C L and fcL C L for any i. (3-3) 
Hence e, and /$ act on L/qL. 

• e,B cBU {0} and f t B C B U {0}. (3.4) 

• L = L A and B = |J B x , (3.5) 

AGP AGP 

where L\ = L n V\ and i?A = Bfl (L\/qL\). 

• For 6, 6' eB,b' = fib if and only if b = e,-6'. (3.6) 

L is called the crystal lattice and B the crystal for V. The set B has a graph 
structure which is called the crystal graph for V. 

Let V(X) be the irreducible J7 g (g)-module with highest weight A G P + and 
highest weight vector ma, and set 

L(X) = A(f h ■■■f il u x \l>0,l<ii,---,ii<n), 
B(X)=L(\)/qL(X)\{0}. 

Then up to a trivial isomorphism, (L(X), B(X)) is the unique crystal base of 
V(A). It is also known that if V = V(X 1 )®V(X 2 ) (X U X 2 G P + ) and (-L(Ai), B(X t )) 
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is the crystal base for F(A») (i = 1,2), then (Z(Ai) © L(A 2 ), -B(Ai) U B{\ 2 )) is 
the crystal base for V. For A e P + , the explicit realization of the crystal B(X) 
for the [/ g (g)-module V^(A) is given in Q. 

Our strategy to show that V k has a crystal is as follows. Since we al- 
ready know the structure of V k as a [/ 9 (g)-module, we take (L(idk), B(uJk)) (or 
(L(w„) © L(uj n ), B(uj n ) U B(U n )) when g = A^l^fe = n) as a candidate for 



crystal base. Then it is clear that the conditions (3.1)-(3.6) are valid except 



(3.2), (3.4) and (3.6) for i — 0. Therefore, we are left to check those conditions 
for i = 0. We do it with the help of the explicit description of the crystal 
structure given in J^] . 

3.2 Crystal bases 

Let us set 



L k = L{u: n )®L{W n ), B k = B(co n )UB(p n ) for g = D n , k 
L k = L(u>k), B k = B(ujk) otherwise. 



n. 



We shall show that eo,/o preserve L k ,B k U {0}, and their actions on B k is 
described explicitly. We recall the description of B k in || . 



B k - i b lt 



ii, ■ ■ ■ , ik € J satisfying conditions 
(1) and (2) below 



J n i 



(1) i v -< i v+ i for 1 < v < k, if g = C n , 
i v -< iv+i or iv — iv+i — for 1 < v < k, iig = B n 
i v -< i v +i or i v = —iu+i = —n for 1 < v < k, if g = D n . 

(2) If i s = p and it — —p, then s + (k — t + 1) < p. 

Let u» lt » 3 ,...,»ji, denote A Wi 2 A • • • A Wi fc in F for ii,i 2 , ■ ■ ■ ,ik £ ■/• By the 
uniqueness theorem of crystal base, as a U q (g)-crystal, we identify (L k ,B k ) 
with the crystal base of F fc by bi t 2,—, n -i,±n — vx,2,---,n-i,±n mod qL n for g = 
D ni k = n, and &i,2,--,fc = Ui,2, • mod q , i' c otherwise. 

By the explicit actions of e<, /i (1 < i < n) on _B fc given in M we have the 
following result. 

Lemma 3.1 We have 

(2)^ ~ ~ 

(1) Except for g = A^-i and k = n, if ' bx,i 2 ,...,i k = f ai • • • /aj&i,2,...,fc, then 

1 £ {a x , ■■■,a l } and furthermore, f ax ■ ■ ■ / ai &2,3,-,fc,-i = &<a,is>-.»k.-l- 

fSj For = A\^_ x andk = n, if bx,i 2 ,-,i n = f ai ■ ■ ■ fa,bx,2,-,n-i,±n, then 1 £ 
{a%,---,ai} and furthermore, f ai ■ ■ • / 0! &2,3,-,n-i,±n,-i = &i 2 ,i 3 ,-,i„,-l- 

(3) Except for g = A\^_ x and k = n, if b iu ..., ik _ u -i = e 0l • • • e ai b- k ,-,-2,-i, 
then 1 ^ {ai, • • -,a;} and furthermore, e ai • • ■ e ai 6 1) _ fe; ... i _ 2 = bi,i 1 ,...,j fc _ 1 - 
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(4) ForQ = A ( 2r ;_ 1 andk = n, if b iu ..., ik _ u -i = e 0l ••• e ai b± n _(„_!)_... _ 2 ,-i, 
i/iera 1 ^ {ai, • • • , a;} and furthermore, 

e ai ■ • • e ai 6i i= |- ni _(„_i) i ... i _2 = 
Define the following operators. 



Ffc 


= /l 2 • 


■■fi 


-l/fc ■ ■ 


' fn- 


-lfnfn—1 


• ' ' fk+lfk, 


for 


w n ' 




- n ■ 


■■n 


-l/fc • ' 


■fn- 


■lfnfn-1 


■ ' ' fk+lfk, 


for 


- A (2) 

— A 2n > 




= I? ■ 


■■11 


-l/fc • ' 


' fn- 


2/n/n-l 


• ' ' fk+lfk, 


for q 


= j4 2 n-li k n, 


- 1 n 


= n ■ 


■■ii 


f 2 
-2Jn> 


F- 


= /?- 


72 72 
Jn-2Jn-li 


for g 


- h — n 
— A 2n-li ft — 



The operators Ek or E„ are defined similarly by replacing fa with gj. Using the 
actions of /j and ej on V k we have the following lemma. 

Lemma 3.2 We have 

(1) Except for q = A^J_-i and k = n, we have -FfcVi,2,---,fc = U2,3,...,fe,-i and 

/o w 2,3,---,fc,-l — Vl,2, — ,fe- 

(%) Forg = and k — n, we have F^Vi^,-, n -i,±n = U2,- ,n-i,=Fn,-i a™d 

,n— l,±n, — 1 — ^l,2,"-,n— l,±n- 

(3) Except for q = ^4 2 n_i and k = n, we have EkV-k,...,-2,-i = fi, -3, -2 
and eoUi,-fc,...,-3,-2 = U-fe,-,-2,-i- 

^ For g = j4 2 n-i an d k — n, we have 

Et v ±n,-{n-l),-,-2,-l = Vi tTn ,-(n-l),---,-2 and 
eo«l,±n,-(n-l),-,-2 = U±n,-(n-l),-,-2,-l- 

Now we have the following theorem declaring the existence of a crystal base 
for V k . 

Theorem 3.3 We have 

(1) eo and f preserve L k . 

(2) fobi u i 2 ,...,i k = bi.i!,...,^.! «/«fc = -1, = otherwise. 

(3) e b ilt i 2t ... tik = &i 2 ,--,i fe ,-i i/ii = 1, = otherwise. 
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Proof. Note that (2) and (3) ensures (1). 

We first prove (2) except for the case of g = A\^_ X: k = n. If i& ^ — 1, 
/o&ii, — from the weight consideration. If ik = —1, take a\,---,ai £ 
{2, • ■ • , n} such that b 1 j lr ... ik _ 1 = f ai ■ ■ ■ / 0i 6i,2,-,fc. Note that f fi = fafo for 
i 7^ 0, 1 and b2.---.fc.- 1 = U2,---,fc,-i mod qL k from Lemma 3^ (1). Using Lemma 
|3.l| (1) and Lemma 3/2 (1), we have 

/o"ii,---,ife_i,-l = /o/ai ' ' ' Jai^2,--.,fe,-l = /o/ai ' ' ' fa t v 2,---,k,-l 

= /ai " " ■ /ai/o w 2,---,fc,-l = /01 * • ' fai v l,2,—,k = ,*fc-i 

mod qL fe . 

(2H 

For the case of g = A^n-i: k — n, the proof is similar. The only difference 
is that we have to choose + or — of 6i,i 1 ,...,i„_ 1 = f ai ■ ■ ■ /oj^i.a,— ,±t») since B n 
has two connected components. 

For the proof of (3), observe that b± T , 1 _( n -i),...,-2,-i = v±n,-(n-i),-,-2,-i 
mod qL™ for g = A^l^fc = u, and 6_fc j ... i _2,-i = -2,-1 mod qL k other- 

wise. □ 
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